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ABSTRACT

This memorandum presents a method of obtaining the
launch vehicle angle-of-attack profile such that the payload in-
jected onto a translunar trajectory is maximized. The Saturn V

can inject about 5,000 lbs. of additional payload by using the
optimum angle of attack.

The steepest-descent method was used to determine the
optimum angle-of-attack profile. This method, which is derived
from the calculus of variations, is an iterative numerical tech-
nique of improving an input control variable (the angle of attack)
such that the payoff function (the injected payload) is optimized.

The angle of attack is currently kept zero in order to
minimize the bending moment on the launch vehicle. Optimized
results obtained so far are for an unconstrained angle of attack,
but a steepest-descent computer program is also being developed
to obtain the optimum angle-of-attack profile which is constrained

such that the maximum bending moment does not exceed an established
value.
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MEMORANDUM FOR FILE

I. INTRODUCTION

Currently, as the Saturn V launch vehicle ascends
through the atmosphere, the angle of attack is kept zero. This
memorandum presents a method of finding the angle-of-attack pro-
file such that the payload injected onto a translunar trajectory*
is maximized. The angle of attack (a) is the angle between the
vehicle longitudinal axis and its velocity vector relative to the
atmosphere.

The steepest-descent method, which is a numerical tech-
nique derived from calculus-of-variations theory, was used to
find the optimum angle of attack. Several deviations from the
standard steepest-descent method were made in order to apply it
to angle-of-attack optimization.

The reason for currently keeping o zero is to minimize
the bending moment on the vehicle. A measure of the bending
moment imposed is given by g|o| where q is the dynamic pressure.
Therefore, it is desired to optimize o with a constraint on qla
For simplicity this constraint has not yet been used, although
the steepest-descent method allows such a constraint to be im-
posed, and computer programming for this extension has been done.

II. SIMULATION OF THE LAUNCH VEHICLE ASCENT

In the BCMASP (Bellcomm Apollo Simulation Program)
target mode simulation of the Saturn V ascent from launch to
earth orbit, the angle of attack of the launch vehicle is kept
zero** during first stage flight. At 12 sec after launch (just
after tower clearance), the vehicle longitudinal axis is instan-
taneously rotated eastward. The amount of this rotation, called

*A]ll results discussed in this memorandum for angle-of-
attack optimization were generated to maximize payload inserted
into earth orbit. These results were converted by assuming that
the additional payload inserted into earth orbit is twice that
injected onto a translunar trajectory.

**The procedure for doing this is called gravity turn.
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the kick angle (Ael), is determined such that the injected pay-

load is maximized. After the launch escape system is jettisoned
during the second stage flight, another instantaneous rotation
(Aez) takes place, and the inertial pitch rate is set equal to

a constant (mpz). The values of A8, and w52 are determined such
that two terminal conditions are satisfied: orbital altitude and
zero flight path angle (the angle between local horizontal and
the inertial velocity vector). The other condition required for
orbital insertion, orbital velocity, is automatically satisfied
by cutting off the thrusting when this velocity is achieved.

A computer simulation similar to BCMASP is considered
in this memorandum. A nonzero angle of attack is used from
12 sec after launch until first stage cutoff to optimize payload
and to help satisfy terminal conditions. The assumptions used
in the simulation are essentially the same as those used in
BCMASP; however, some simplifications were made to make the im-
plementation of angle-of-attack optimization easier. The most
significant differences from BCMASP are as follows:

l. A two dimensional, inertial, rectangular coordinate
system in the orbital plane was used instead of a
three dimensional coordinate system. This assumes
that the vehicle always remains in a plane.

2. In order to smooth the empirical tables of the lift
and drag coefficients for the Saturn V vehicle, poly-
nominal fits were used. These functions facilitated
finding the derivatives of lift and drag, which are
required by the steepest-descent method.

3. It was assumed that the atmosphere only extends up to
the altitude of first stage cutoff (about 200,000 ft)
instead of the altitude at which the launch escape
system is jettisoned (about 300,000 ft).

IIT. THE STEEPEST-DESCENT METHOD

The physical problem of launch vehicle ascent can be
described mathematically by a differential equation that depends
on a control variable (angle of attack). The solution to this
equation, which is called the state vector, must also satisfy
boundary conditions (initial conditions plus final conditions
for orbit insertion). It is desired to determine the control
variable such that a payoff function (injected payload) is op-
timized. For this problem, the calculus-of-variations theory
does not show how to find an optimum control, but only gives a
condition that is useful in testing whether or not a given
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control is optimum. The Hamiltonian condition, which must be
satisfied at each point along the trajectory if a control is
optimum, is

where the subscript o denotes partial differentiation with re-
spect to the control and H is the Hamiltonian. The Hamiltonian
is a function of an adjoint vector, the state vector, the con-
trol, and a constant vector v that is the sensitivity of the pay-
off to the terminal-condition errors. The adjoint vector must

be found by integrating the adjoint differential equations back-
wards starting with the transversality conditions.

The steepest-descent method can be derived from the
calculus of variations (Reference 1, 2 or 3). Given a non-
optimum control, o, the steepest-descent method shows how to
make an efficient change in this control, §a. In the derivation
only first order variations are kept so that do only produces the
desired result if all changes produced are small enough to be con-
sidered linear. If the problem were linear, steepest descent pre-
dicts that the Hamiltonian condition would be satisfied if o were
changed by an amount a, which is a function of time, and that any
current terminal errors would be corrected if o were changed by an
amount b. In order to solve nonlinear problems a and b are multi-
plied by factors P and dP, respectively, where 0 < P < 1 and
0 < dP < 1. Therefore, the steepest-descent equation for $§a is

oo = a *P + b * dp. (1)

It is only necessary to input dP, which is commonly called the
step size, since P can be determined from dP by restricting the
change in control allowed by putting a maximum on the integral

of (Ga)z. Of course, it is desirable to set the step size dP as
large as possible yet small enough to satisfy the linearity con-
dition. The terms a and b are functions of the adjoint vector,
the state vector, the control variable, and integrals of these
variables; b is also a function of the current terminal errors.
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IV. PROGRAMMING OF STEEPEST DESCENT FOR ANGLE-OF-ATTACK
OPTIMIZATION

The procedure required to obtain a correction in the
control, 8a, by the steepest-descent method is as follows:

(1) Initialize the state vector.

(2) Integrate the equations of motion forward in time
using the present control (from an input table) and
generating tables of the state vector.

(3) Determine the payoff (injected payload) and the ter-
minal-condition errors.

(4) Determine the final conditions on the adjoint vector
using the state-vector final conditions.

(5) Integrate the equations for the adjoint vector back-
ward in time using the control and state-vector tables
and generating tables of the adjoint vector. Also
evaluate the integrals required in the steepest-
descent equation.

(6) Using the terminal-condition errors, the control and
adjoint-vector tables, and the integrals found in the
previous step, generate tables of the coefficients a
and b in the steepest-descent equation.

(7) Obtain the correction in the control from equation (1)
using the tables of a and b from the previous step and
the input step size .dP.

The following paragraphs discuss the changes that were
made to the standard steepest-descent method in order that it
work for angle-of-attack optimization. Some of these changes
affect the procedure in finding 8a as described in the previous
paragraph. These changes are reflected in the flow diagram of
Figure 1; the original seven steps are numbered.

Standard steepest descent uses only one input step size
as discussed in Section III. Due to numerical difficulties in

finding the integral of (6&)2, the single-step-size method was
found impractical for this physical application. Therefore, it
is necessary to input both step sizes, P and dP.

It is usually quite difficult to choose fixed step
sizes that will continue to work efficiently if several cycles
(6a's) are required to optimize the control. Therefore, an
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automatic step sizing procedure is used in the steepest-descent
program for o optimization. For the first determination of §a,
an input step size is used. Then in the second pass there is a
branching after step (3) of the procedure listed above. A new
step size is tried in step (7), and then steps (1) through (3)
are repeated again. This cycle is repeated until an appropriate
step size is found before proceeding on to step (4). Because
there are two step sizes to be found, dP is found by an inner
loop and P by an outer loop. The size of dP is found so as to
minimize the sum of the squares of the terminal errors, and P is
found so that the injected payload is maximized.

In theory it should be possible to correct terminal
errors and optimize the payoff by adjusting the control variable,
but, for the physical problem considered here, this was not com-
pletely possible. Only terminal errors larger than a certain
minimum (because of numerical difficulties) and smaller than a
certain maximum (because of the nonlinearity of the problem) can
be corrected. 1In addition, in this acceptable region, only one of
the terminal conditions (either orbital altitude or zero flight
path angle) can be corrected because they cannot be made to re-
spond independently to changes in angle of attack. Therefore,
it was necessary to use the parameter controls A6, and wp2 to

satisfy the terminal conditions. The values of these parameters
could be found by the same method used in BCMASP, but it was
found more efficient to use a steepest-descent method. An equa-
tion of the same form as equation (1) is used with P = 0; b is

a function of the terminal errors and integrals of the same ad-

joint vector as used in equation (1l). Since 46, and Y52 are now

used to correct terminal errors, dP in equation (1) can be set
equal to zero.

V. PRELIMINARY RESULTS

The terminal conditions and the payoff are much more
sensitive to changes in o early in the trajectory than to changes
later. Therefore, it is easier, though less effective, to correct
terminal errors and to optimize payoff by implementing an angle-
of-attack profile later in the trajectory while constraining a
to be zero in the earlier part of the trajectory. This procedure
was used while debugging the steepest-descent program with the
goal of moving up the time at which optimization is started un-
til it is at 12 sec after launch.

Figure 2 shows the additional payload that can be in-
jected onto a translunar trajectory by using an unconstrained
optimum angle of attack starting at various times after launch
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during first stage flight.* These results indicate that payload
can be added if optimization is started before about 100 sec
after launch. The payload that can be added increases more and
more rapidly as optimization is started earlier. For optimiza-
tion started at 12 sec after launch, about 5,000 lbs of addi-
tional payload can be injected onto a translunar trajectory. In
order to obtain these results by the steepest-descent method, the
following number of interation cycles (8a's) and charge units on
the Univac 1108 computer were required:

Optimization Started Cycles Charge
100 sec 4 45
54.5 sec 4 100
22 secC 29 700

Many improvements remain to be made to increase the
efficiency and reliability of the steepest~-descent method as
applied to launch vehicle payload optimization. At present it
does not converge using automatic step sizing for optimization
started at 12 sec after launch; several computer runs are nec-
essary to obtain the optimum. Convergence could be obtained
much faster if a method more sophisticated than steepest-descent
could be used. Implementation of such a method, called Min-H
(Reference 3), has been tried but has not yet been successful.

VI. CONCLUSION

The steepest-descent method can be used to optimize
the angle-of-attack profile such that the launch vehicle pay-
load injected onto a translunar trajectory is maximized. For
unconstrained angle-of-attack, the additional payload that can
be injected is about 5,000 1lbs.
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*Ael has not been optimized in these results, so for

optimization started later than 12 sec after launch, a few hun-
dred more pounds of payload could be injected onto a translunar
trajectory.
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